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Abstract
We examine the effects of gravitational fields produced by topological defects on
a Dirac field and a Dirac oscillator in a spinning cosmic string spacetime. We obtain
the eigenfunctions and the energy levels of the relativistic field in that background and
consider the effect of various parameters, such as the frequency of the rotating frame,
the oscillator’s frequency, the string density and other quantum numbers.
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1 Introduction
The Dirac equation with interactions linear in the coordinates was initially studied in Refs.
[1–3]. Such a system was referred to as a ‘Dirac oscillator’ in Ref. [4], because, in the non-
relativistic limit, it behaves as a harmonic oscillator with a strong spin-orbit coupling term.
This model describes the dynamics of a harmonic oscillator for spin-half particles and is
obtained by introducing a non-minimal prescription into the free Dirac equation [4]. It was
observed that the Dirac oscillator interaction is a physical system which can be interpreted
as the interaction of the anomalous magnetic moment with a linear electric field [5, 6]. The
authors of Ref. [5] also established the conformal invariance of the Dirac oscillator and the
authors of Ref. [6] examined its covariance properties, applied the Foldy-Wouthuysen and
the Cini-Toushek transformations. As a relativistic quantum mechanical system, the Dirac
oscillator has been widely studied and, because it is an exactly solvable model, several
investigations have been performed in its theoretical framework.
Although the Dirac oscillator is normally utilized within the context of many-body the-
ory, relativistic quantum mechanics and quantum chromodynamics (such as the interaction
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between quarks as well as the confining part of the phenomenological Cornell potential), the
Dirac oscillator and related models have been applied in many other contexts as well, such
as quantum optics [7–9], supersymmetry [5, 10, 11], nuclear reactions [12], the hadronic
spectrum (with the two-body Dirac oscillator) [13, 14], the Clifford algebra [15, 16], non-
commutative space [17, 18], thermodynamic properties [19], Lie algebras [20], supersym-
metric (non-relativistic) quantum mechanics [21], the supersymmetric path-integral formal-
ism [22], chiral phase transitions in presence of a constant magnetic field [8], the relativistic
Landau levels in presence of external magnetic field [23], the Aharonov-Bohm effect [24],
and condensed matter physics phenomena and graphene [25]. Similar studies for the Duffin-
Kemmer-Petiau (DKP) oscillator, which is analogous to the Dirac oscillator for spinless and
spin-one particles, are in Refs. [26, 27]. Finally, let us mention many studies of the Dirac
oscillator with topological defects and cosmic string spacetimes in Refs. [28–34] and analo-
gous investigations for scalar fields in Refs. [35–39]. Some studies of relativistic oscillators
are in Refs. [40–47].
In this work, we examine the relativistic quantum dynamics of Dirac oscillator on the
curved spacetime of a rotating cosmic string. From the corresponding Dirac equation, we an-
alyze the influence of the topological defect on the equation of motion, the energy spectrum
and the wave-functions. An analogous study for the Klein-Gordon equation is in Ref. [49].
In Sec. 2, we write down the covariant Dirac equation without oscillator in a spinning cos-
mic string spacetime, and find its wave-functions and energy eigenvalues. In Sec. 3, we
present the covariant Dirac oscillator in the same spacetime and obtain the wave-functions
and energy spectrum. We present concluding remarks in Sec. 4.
2 Dirac equation in the cosmic string spacetime
The spacetime generated by a spinning cosmic string without internal structure, or ‘ideal’
spinning cosmic string, can be obtained from the line element
ds2 = −dT 2 + dX2 + dY 2 + dZ2 (1)
by applying the coordinate transformation
T = t + aα−1ϕ,
X = rcosϕ,
Y = rsinϕ,
ϕ = αϕ′,
(2)
which leads to (see also Refs. [50–53])
ds2 = −(dt+ adϕ)2 + dr2 + α2r2dϕ2 + dz2
= −dt2 − 2adtdϕ + dr2 + (α2r2 − a2)dϕ2 + dz2, (3)
where −∞ < z < ∞ , r ≥ 0 and 0 ≤ ϕ ≤ 2π. We work with units such that c = 1.
The angular parameter α runs in the interval (0, 1] and is related to the linear mass density
µ of the string by α = 1 − 4µ, and to the deficit angle by γ = 2π(1 − α). We have also
a = 4Gj where G is the universal gravitation constant and j is the angular momentum of
the spinning string; thus a is a length that represents the rotation of the cosmic string. Note
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that in this case, the source of the gravitational field of a spinning cosmic string possesses
angular momentum and the metric (3) has an off-diagonal term involving time and space.
The Dirac equation for a field Ψ of massM in the cosmic string spacetime described by
Eq. (3) reads [54–57]
(iγµ (x)∇µ −M)Ψ (x) = 0, (4)
with the covariant derivative
∇µ = ∂µ + Γµ (x) , (5)
and the spinorial affine connections,
Γµ =
1
2
ωµa¯b¯
[
γa¯, γ b¯
]
, (6)
where γa¯ denotes the standard Dirac matrices in Minkowski spacetime with metric ηa¯b¯ =
(−1,+1,+1,+1), and ωµa¯b¯ is the spin connection, given by
ωµa¯b¯ = ηa¯c¯e
c¯
νe
σ
b¯Γ
ν
σµ − ηa¯c¯e
ν
b¯e
c¯
ν . (7)
We use greek indices µ, ν, etc. for the curved spacetime, and bar latin indices a¯, b¯, etc. in
Minkowski spacetime.
As discussed in Refs. [58, 59], the spin connection allows us to construct a local frame
through the tetrad basis which gives the spinors in the curved spacetime. The Christoffel
symbols of the second kind, Γσµν , can be obtained from
Γµij =
1
2
gµk
(
∂gik
∂qj
+
∂gjk
∂qi
−
∂gij
∂qk
)
, (8)
with coordinates (q1, q2, q3). With themetric in Eq. (3), the non-null components of Christof-
fel symbols are
Γtrϕ = Γ
t
ϕr =
−a
r
, Γrϕϕ = −rα
2, Γϕrϕ = Γ
ϕ
ϕr =
1
r
. (9)
We can build the local reference frame through a non-coordinate basis with components
ea¯µ called tetrads or vierbeins which form our local reference frame. With the line element
(3), we can use tetrads eµa¯ and e
a¯
µ (obtained in Ref. [52]) as follows
ea¯µ =


1 0 a 0
0 cosϕ −rαsinϕ 0
0 sinϕ −rαcosϕ 0
0 0 0 1

 , eµa¯ =


1 asinϕ
rα
−acosϕ
rα
0
0 cosϕ sinϕ 0
0 −sinϕ
rα
cosϕ
rα
0
0 0 0 1

 . (10)
The vierbeins satisfy the orthonormality conditions
eµa¯ (x) e
a¯
ν (x) = δ
µ
ν ,
ea¯µ (x) e
µ
b¯
(x) = δa¯
b¯
,
(11)
and
gµν (x) = e
a¯
µ (x) e
b¯
ν (x) ηa¯b¯ . (12)
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The non-null components of the spin connection are
ω1¯2¯ϕ = −ω
2¯1¯
ϕ = 1− α, (13)
and the only non-vanishing spinorial affine connection is
Γϕ = −
1
2
(1− α)γ 1¯γ 2¯. (14)
The generalized Dirac matrices γµ in curved spacetime are related to their Minkowski
counterparts via
γµ (x) = eµa¯ γ
a¯. (15)
In terms of the Minkowski flat spacetime coordinates, these matrices can be cast into the
form
γ 0¯ =
(
1 0
0 −1
)
, γ i¯ =
(
0 σi
−σi 0
)
, i = 1, 2, 3, (16)
where σi are the Pauli matrices:
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (17)
The matrices γµ (x) in Eq. (6) are (see Ref. [52])
γr = γ1 = e1a¯γ
a¯ = γ 1¯ cosϕ+ γ 2¯ sinϕ,
γz = eza¯γ
a¯ = γ3,
γ2 = e2a¯γ
a¯ =
γϕ
rα
,
γϕ = eϕ
0¯
γ 0¯ + eϕ
1¯
γ 1¯ + eϕ
2¯
γ 2¯ = −γ 1¯ sinϕ+ γ 2¯ cosϕ,
γt = γ0 = e0a¯γ
a¯ = γ 0¯ +
a sinϕ
rα
γ 1¯ −
a cosϕ
rα
γ 2¯ = γ 0¯ −
a
rα
γϕ.
(18)
The z-translation symmetry of Eq. (3) allows us to reduce the four-component Dirac
equation (2) to two two-component spinor equations. We shall also take pz = 0 and z = 0.
We find that Eq. (14) yields
Γϕ = i
(1− α)
2
sσz. (19)
If we substitute the curved-spacetime gamma matrices of Eq. (18) into Eq. (4), we find
(
iγt∂t + i~γ · ∇+ iγ
µΓµ
)
Ψ =
[
i
(
γ 0¯ −
a
rα
γϕ
)
∂t + i~γ · ∇+ iγ
µΓµ
]
Ψ = MΨ (20)
Since we work in the plane z = 0, we effectively have ~γ = (γr, γϕ) and ∇ → ∇α ≡
rˆ ∂
∂r
+ ϕˆ
αr
∂
∂ϕ
. Since Eq. (14) is the only non-zero component of Γµ, we write γ
µΓµ = ~γ · ~Γ,
with ~Γ = (Γr,Γϕ) = (0,Γϕ). Next we multiply Eq. (20) with γ
0¯,[
i
(
γ 0¯γ 0¯ −
a
rα
γ 0¯γϕ
)
∂t − γ
0¯M
]
Ψ = γ 0¯~γ ·
[
−i∇α − i~Γ
]
Ψ. (21)
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From Eq. (16), we see that γ 0¯γ 0¯ = 1 and we define αi ≡ γ 0¯γi =
(
0 σi
σi 0
)
. Since the
interaction is time-independent, one can write
Ψ(t, r, ϕ) = e−i(Et−mϕ)Ψ(r), (22)
where E is the energy of the fermion, so that i∂tΨ = EΨ, and ∂ϕΨ = imΨ, where the
quantum number m is related to the z-component of the total angular momentum operator,
with half-integer values (see e.g. Eq. (15) in Ref. [28] and Ref. [52]). Then Eq. (21)
becomes (
E − γ 0¯M
)
Ψ = γ 0¯~γ ·
(
−i∇α − i~Γ
)
Ψ+
aE
rα
α2¯Ψ. (23)
We write the radial wave-function as
Ψ(r) =
(
φ(r)
χ(r)
)
, (24)
where φ(r) and χ(r) are two-spinors. If we write
γ 0¯~γ · ϕˆ = αϕ,
so that aE
rα
α2¯ = γ 0¯~γ ·
(
aE
rα
ϕˆ
)
, and define the generalized momentum ~π as follows,
~π = −i∇α − i~Γ +
aE
αr
ϕˆ, (25)
then Eq. (23) leads to the coupled equations
(E −M)φ(r) = ~σ · ~π χ(r),
(E +M)χ(r) = ~σ · ~π φ(r).
(26)
We substitute the second equation of Eq. (26) into the first and obtain(
E2 −M2
)
φ = (~σ · ~π) (~σ · ~π)φ = ~π · ~πφ. (27)
With Γϕ from Eq. (19), we find that the explicit form of Eq. (25) is
~π = −i∇α +
(
1
2αr
(1− α)s+
aE
αr
)
ϕˆ =: −i∇α +
ξ
r
ϕˆ,
where
ξ ≡
1
2α
(1− α)s+
aE
α
. (28)
We find
~π · ~πφ =
(
−i∇α +
ξ
r
ϕˆ
)(
−i∇α +
ξ
r
ϕˆ
)
φ =
(
−∇2α +
ξ2
r2
− 2i
ξ
r
1
αr
∂ϕ
)
φ. (29)
When we substitute this into Eq. (27), use Eq. (22) and ∇2α =
∂2
∂r2
+ 1
r
∂
∂r
+ 1
α2r2
∂2
∂ϕ2
, we
obtain
d2φ
dr2
+
1
r
dφ
dr
+
[
E2 −M2 −
(
m2
α2r2
+
ξ2
r2
+ 2m
ξ
αr2
)]
φ = 0 (30)
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Note that φ(r) (and χ(r)) is an eigenfunction of σ3 with eigenvalues±1, so we can write
φs = (φ+, φ−)
T
with σ3φs = sφs, s = ±1. Therefore the action of ξ on φs is the reason
why we replaced σ3 by s in Eq. (28). Since, in Eq. (30), we have
(
m2
α2r2
+ ξ
2
r2
+ 2m ξ
αr2
)
=
1
r2
(
m
α
+ ξ
)2
, we can express Eq. (30) as[
d2
dr2
+
1
r
d
dr
+ κ2 −
η2
r2
]
φ (r) = 0, (31)
where
κ2 = E2 −M2, η2 =
(m
α
+ ξ
)2
. (32)
By performing the change of variable r = x
κ
, we can write Eq. (31) in the form
φ′′(x) +
1
x
φ′(x) +
(
1−
η2
x2
)
φ(x) = 0. (33)
The physical solution of Eq. (33) is given by the Bessel function of the first kind, Jη(x) so
that the radial wave-function is given by
φη (r) = Jη(κr). (34)
We will not discuss these solutions any further, because we will discuss in detail the more
general Dirac oscillator in the next section.
3 The Dirac oscillator in cosmic string background
In this section, we turn on the Dirac oscillator interaction by adding the non-minimal sub-
stitution term,
∂r → ∂r +Mω~rβ, (35)
where β = γ0, ~r = rˆr is the position vector, and ω is the oscillator’s frequency. (In the
presence of a constant magnetic field B0, ω =
eB0
2M
is the so-called cyclotron frequency of
the oscillator.) We substitute Eq. (35) into Eq. (4) and obtain
[
~α ·
(
~π − iMωγ0rˆr
)]
Ψ(r) =
(
E − γ 0¯M
)
Ψ(r), (36)
where ~π is given in Eq. (25) and Ψ(r) in Eq. (24). We obtain the counterpart of Eq. (26):
(E −M)φ(r) = ~σ · (~π + iMωrˆr) χ(r),
(E +M)χ(r) = ~σ · (~π − iMωrˆr) φ(r).
(37)
From these two equations, we obtain(
E2 −M2
)
φ(r) = [~σ · (~π + iMωrˆr)] [~σ · (~π − iMωrˆr)]φ(r). (38)
Next we utilize (~σ · ~a)
(
~σ ·~b
)
= ~a · ~b + i~σ ·
(
~a×~b
)
with ~a = ~π + iMωrˆr and
~b = ~π − iMωrˆr, and note that ~a · ~b = ~π · ~π − M2ω2r2 (with ~π · ~πφ(r) in Eq. (29))
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and ~a × ~b = iMωr (rˆ × ~π − ~π × rˆ). We find (~π × ~r − ~r × ~π)φ = −2zˆ
(
m
α
+ ξ
)
φ and
(~π · ~r − ~r · ~π)φ = −2iφ, so that Eq. (38) leads to an equation similar to Eq. (31),[
d2
dr2
+
1
r
d
dr
+ κ2ω −
η2
r2
−M2ω2r2
]
φ (r) = 0, (39)
with η as in Eq. (32) and
κ2ω = E
2 −M2 + 2Mω
[
1 + s
(m
α
+ ξ
)]
. (40)
As ω approaches zero, Eq. (39) reduces to Eq. (31) with the only extra terms −M2ω2r2,
and with Eq. (40) which reduces to Eq. (32). With the change of variableMωr2 = ρ, then
we rewrite the radial equation (39) in the form
ρ
d2φ(ρ)
dρ2
+
dφ(ρ)
dρ
−
(
η2
4ρ
+
ρ
4
−
κ2ω
4Mω
)
φ(ρ) = 0. (41)
Let us write the solution of Eq. (41) in terms of the new function F (ρ) defined as
φ(ρ) = ρ
|η|
2 e−
ρ
2F (ρ), (42)
so that Eq. (41) can be rewritten as
ρF ′′(ρ) + (1 + |η| − ρ)F ′(ρ)−
(
1 + |η|
2
−
κ2ω
4Mω
)
F (ρ) = 0. (43)
The general solution for Eq. (42) is the confluent hypergeometric function
φ(ρ) = ρ
|η|
2 e−
ρ
2F
((
1 + |η|
2
−
κ2ω
4Mω
)
, 1 + η, ρ
)
. (44)
Even though Eq. (39) clearly reduces to Eq. (31) when ω → 0, as noted above, the corre-
sponding reduction from the solution in Eq. (44) (when expressed in terms of r) to Eq. (34)
is more subtle and we will not discuss it in detail. This is done by rescaling the solution of
Eq. (39) by a function of Mω (the factor of r2 in the extra term −M2ω2r2 of Eq. (39)) so
that it is still a solution and such that the limit ω → 0 exists and is non-zero. Hypergeometric
functions allow for Taylor expansion and from this one can determine which expansion co-
efficients vanish or diverge in the limit. For divergent terms, one rescales by an appropriate
power inMω so that the limit exists and leads to the Bessel function of Eq. (34).
Because of the divergent behaviour of the function F (ρ) for large values of ρ, bound
states solutions can only be obtained by imposing that this function becomes a polynomial
of some degree n. Then the radial solution presents an acceptable behaviour at infinity. This
condition is obtained by setting
1 + |η|
2
−
κ2ω
4Mω
= −n, n = 0, 1, 2, 3, . . . (45)
By substituting Eqs. (28), (32) and (40) into Eq. (45), we obtain
E2 −M2 = 4Mω
[
n+
1
2
∣∣∣∣mα + 12α (1− α) s+ aEα
∣∣∣∣− s2
(
m
α
+
1
2α
(1− α) s+
aE
α
)]
.
(46)
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If the argument of the absolute value is positive, m
α
+ 1
2α
(1− α) s+ aE
α
> 0, then we find
En,m = −
a
α
Mω(s− 1)±
1
α
√
M
[
a2M(s− 1)2ω2 − αω(2m+ s)(s− 1) + α2(M + 4nω + (s− 1)sω)
]
.
(47)
Note that for s = 1, the eigenvalues in Eq. (47),
En = ±
√
M(M + 4ωn), (48)
are independent of m, a, and α. Fig. 1 displays En from Eq. (48) as a function of ω for
M = 1 and various values of n. As per Eq. (48), Fig. 1 shows how |En| increases when n
increases, for any ω. Eq. (48) and Fig. 1 show that for small values of ω, En → ±M for
any n. Eq. (47) shows that En,m depends on n and the spectrum of energy is discrete.
For s = −1, the expression for En,m contains all the terms of Eq. (47) and depends on
all its parameters, including m, a and α. The positive values of the energy spectrum with
s = −1 is displayed as a function of α (with M = 1, m = 1/2, a = 0.1 and ω = 1, for
n = 1 and 2, in Fig. 2, and as a function of ω (withM = 1,m = 1/2, a = 0.1 and α = 0.2)
in Fig. 3. In both figures, we see that |E| increases with n for any value of α and ω. For
a = 0, the energy spectrum of Eq. (46) is given by
En,m = ±
√
M2 + 4Mω
[
n+
1
2
∣∣∣∣mα + 12α (1− α) s
∣∣∣∣− s2
(
m
α
+
1
2α
(1− α) s
)]
, (49)
which is analogous to Eq. (28) in Ref. [30] (we have considered the two-dimensional oscil-
lator so that their k = 0).
When the argument of the absolute value is negative, m
α
+ 1
2α
(1− α) s + aE
α
< 0, we
obtain, rather than Eq. (47),
En,m = −
a
α
Mω(s+ 1)±
1
α
√
M
[
a2M(s + 1)2ω2 − αω(2m+ s)(s+ 1) + α2 (M + 4nω + (s+ 1)sω)
]
.
(50)
Then, for s = −1, the eigenvalues in Eq. (50) are independent of m, a, and α, as in Eq.
(48). However, when s = 1, the energy depends explicitly on all the parameters in Eq. (47),
includingm, a and α. Whether s = −1 or +1, E depends on n and the spectrum of energy
is discrete.
0 1 2 3 4 5
-10
-5
0
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10
ω
E
n=1
n=2
n=3
n=4
Figure 1: Energy spectrum with s = 1 as a function of ω. The results are independent of α
andm, withM = 1 and different values of n.
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Figure 2: Energy spectrum with s = −1 as a function of α withM = 1, m = 1/2, a = 0.1
and ω = 1 for n = 1 (blue) and n = 2 (dark yellow).
Figure 3: Energy spectrum with s = −1 as a function of ω, withM = 1,m = 1/2, a = 0.1
and α = 0.2 for different values of n.
4 Conclusion
We have studied the relativistic quantum dynamics of a Dirac oscillator field subject to a
linear interaction for spin-half particles in a cosmic string spacetime. The Dirac oscillator
is a kind of tensor coupling with a linear potential which leads to the harmonic oscillator
problem in the weak-coupling limit. This can be interpreted as the interaction of the anoma-
lous magnetic moment with a linear electric field. From the corresponding Dirac oscillator
equation, we analyzed the influence of the topological defect on the equation of motion, the
energy spectrum and the wave-function. Firstly, we solved the Dirac equation without the
oscillating term. We obtained the Bessel function as a solution of the resulting equation.
Next we turned to the Dirac oscillator, which is described by introducing a non-minimal
coupling within the previous equations. The new term has direct implications on the energy
9
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spectrum and wave-functions of the oscillator. The wave-function, which is a Bessel func-
tion without the Dirac oscillator, becomes, with the Dirac oscillator, related to the confluent
hypergeometric function in Eq. (44), and depends on the parameters η (from Eq. (32)) and
κω (in Eq. (40)), thus depending on the parametersm, α, s,M , ω, and the energy E. In turn,
we found that the energy eigenvalues E depend on m, α, s, M , ω. Figs. 1 and 3 show that
|E| increases with ω for specific values of other parameters, and that |E| increases with n.
Fig. 2 shows that, for specific values of other parameters, |E| decreases with α and increases
with n. The angular parameter α is related to the linear mass density of the cosmic string. In
the limit α = 1, that is, in the absence of topological defect, we recover known results for the
flat spacetime. Here we have showed that the geometric and topological properties of these
spacetimes lead to shifts in the energy spectrum and the wave-function that is comparable
with the flat Minkowski spacetime.
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